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Let V be a finite set of order m × n, and assume that the points of V are 
arranged in an array of size m x n. A modified group divisible design is a group 
divisible design with the difference that each 2-subset {x, y} of V such that x and 
y are neither in the same row nor in the same column occurs A times. In this paper 
we apply modified group divisible designs to construct covering designs, packing 
designs, and group divisible designs with block size 5. © 1994 Academic Press, Inc. 
1. INTRODUCTION 
An (v, K, 1) covering design (or respectively packing design) of order v, 
block size K, and index A is a collection /3 of K-element subsets, called 
blocks, of an v-set V such that every 2-subset of V occurs in at least (or 
respectively at most) A blocks. 
Let C(v, K, A) denote the minimum number of blocks in an (v, K, A) 
covering design; and o-(v, K, A) denote the maximum number of blocks in 
an (v,K,A) packing design. An (v,K,A) covering design with 1/31 = 
c(v,  K, A) is called a minimum covering design. Similarly for packing 
designs, if 1/31 = o-(v, K, ,~) then it is called a maximum packing design. It 
is well known [31] that 
[v [v - lA ] ]  =B(v ,K ,A)  and 
c(v,K, ,~) >_ / , , / , , -  1 // 
~(v ,  K, a )  _< ~ - 1 11 = ~,(v,  K, ; t) ,  
where [x] is the smallest integer satisfying x < [x] and [x] is the largest 
integer satisfying [x] < x. Hanani [16] has sharpened this bound in certain 
cases by proving the following result. 
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THEOREM 1.1. I fA (v -  1) - - -0mod(K-  1) andAv(v -  1) / (K- -  1)------ 
-- 1 (mod K), then C(v, •, A) >_ B(v, K, A) + 1. Similarly, if A(v - 1) - 0 
mod (K -1)  and Av(v -1) / (K -1 ) -= 1 (modK) then o'(v,K,A)< 
~(v, K, A) - 1. 
Many researchers known to date have been involved in determining 
C(v, K, A). (See References.) Our interest here is in the case K = 5 and 
A = 1. For convenience, let C(v, 5, 1) = C(v) and let 
B(v)  = B(v ,5 ,  1) if v ~ 13 (mod20) 
= B(u,5 ,  1) + 1 if v ~ 13 (mod20).  
In [19] it was shown that if v - 2 (mod 4) and v ~ 270, 274 then C(v) = 
B(v), and if v - 1 (mod 4) and v is moderately large, then C(v) = B(v). 
Later Mullin [28] showed that C(v) = B(v) for v = 270 and 274, and that 
C(v) = B(v) for several new values of v --- l(mod 4). 
A pairwise balanced design PB(v, K, 1) is a set V of v elements and a 
collection /3 of subsets of V, called blocks, such that 
(1) [I B i l /B i  ~/3} c K, 
(2) every 2-subset {x, y} of V is contained in exactly A blocks of/3. 
If K = {~:} then the pairwise balanced design is called a balanced 
incomplete block design and denoted by B[v, K, X]. It is well known [16] 
that a B[v,5, A] exists for all A(v - 1) - 0 (mod4) and Av(v - 1) - 0 
(mod 20), (v, A) • (15, 2). A resolvable balanced incomplete block design 
RB[v, K, A] is one in which the blocks can be partitioned into parallel 
classes, and it is well known [17] that a RB[v,4, 1] exists for all v --- 4 
(mod 12). 
Let K, A, m, and v be positive integers. A group divisible design 
GD[K, A, m, v] is a triple (V,/3, y), where V is a set of points with I VI = v 
and y = {G~ . . . .  , G r} is a partition of V into r sets of size m. The parts G i 
of the partition are called groups. The collection of/3 consists of K-subsets 
of V, called blocks, with the following properties: 
(1) IB ~ Gi[ _< 1 for all B ~/3 and G i E y, 
(2) every 2-subset {x, y} of V such that x and y belong to distinct 
groups is contained in exactly 3. blocks. 
A GD[K,A,m, Km] is called a transversal design and denoted by 
T[K, A, m]. In the sequel we use the following existence theorem for 
transversal designs. The proof of this result may be found in [8]. 
THEOREM 1.2. There exists a T[5, 1, m] for all positive integers m with 
the exception of m ~ {2, 3, 4, 6} and the possible xception of m = 10. 
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An incomplete transversal design TD[K, v] - TD[K, w] is a quadruple 
{X, Y, y,/3), where X is a Kv-element set; 3' = {G1 . . . . .  G K} is a partition 
of X into K sets of size v, called groups; Y is a subset of X called the 
hole, satisfying IYI = Kw and Y is partitioned into K subsets Y~, such that 
Yi c G i and IY~I = w;  and /3 is a collection of K-element subsets of X, 
called blocks, such that each block intersects each group in exactly one 
point, no block contains more than one element of Y, and every pair of 
elements of distinct groups, not both in Y, belongs to exactly one block. 
In the first part of this paper we show that C(v) = B(v) for a few more 
values of v ---- 1 (mod 4). In the second part we prove that a GD[5, 1, 5, 5m] 
exists for a few more values of m = 1 (mod 4), which improves the result 
of Avidan [7]; in the third part we prove that a o-(v, 5, A) = O(v, 5, A) - 1 
for (v, A) = (137, 2), (139, 2) and that o-(271, 5, 3) = 0(271, 5, 3) and in the 
last section we prove a theorem concerning pairwise balanced esigns with 
block size 5 and one block of size K = 21 or 25. Specifically we prove the 
following 
THEOREM 1.3. C(v) = B(v) for all v ~ S, where S = {133,233,173, 253, 
353, 433,633, 753,757, 2129, 2189, 2329, 2369, 2429, 2669, 2729, 2849, 3029}. 
THEOREM 1.4. There exists a GD[5, 1, 5, 5m] for all m --- 1 (rood 4) with 
the possible exception of m = 33. 
TrmOREM 1.5. (1) o-(271, 5, 3) = 0(271, 5, 3). 
(2) o-(V, 5, 2) = O(V, 5, 2) -- 1 for v = 137, 139. 
THEOREM 1.6. (1) There exists a PB(v,{5,21*},I) for all v =-1 
(rood 20), v ___ 101, with the possible exceptions of v = 141,301,381,461. 
(2) There exists a PB(v, {5, 25*}, 1) for all v = 5 (rood 20), v > 105, 
with the possible exceptions of v = 305,385,465,545. 
We close this section with the following theorem [15], which is most useful 
to us. 
THEOREM 1.7. (1) For all v =- 9 or 17 (mod 20), v > 37, there exists a 
PB(v, {5, 9"}, 1) with the possible exception of v = 49, where * means there 
is exactly one block of this size. 
(2) For all v =- 13 (mod 20), v > 53, there exists a PB(v, {5, 13"}, 1). 
2. COVERING DESIGNS 
In order to describe our constructions, we need the notions of designs 
with holes and modified group divisible designs. 
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An (v, K, A) covering (packing) design with a hole of size h is a triple 
(V, H, fl), where V is an v-set, H is a subset of V of cardinality h; and/3 
is a collection of K-element subsets, called blocks, of V such that 
(1) no 2-subset of H appears in any block, 
(2) every other 2-subset of V appears in at least (at most) h blocks, 
(3) 1/31 = B(v, K, 1) - B(h, k, ,~) (I/31 = ~(v,  K, •) - O(h, K, A)). 
If condition (2) is changed to "every other 2-subset of V appears in 
precisely A blocks," then the design is called an exact covering (packing) 
with a hole of size h. 
It is clear that if there exists an (v, K, A) (exact) covering design with a 
hole of size h and B(h ,K ,A)= C(h,K,A) then B(v, K, A) = C(v, K, A) 
similarly for packing designs. 
Let m, K, A, and v be positive integers. A modified group divisible 
design MGD[K, A, m, v] is a triple (V,/3, y), where V is a set of v points 
and 3' = {G1 . . . . .  G r} is a partition of V into r sets of size m. The parts G i 
of the partition are called groups. The collection/3 consists of K-subsets of 
V called blocks with the following properties: 
(1) ]B C~ Gil N 1 for all B ~/3 and G i ~ 3". 
(2) Every 2-subset {x, y} of V such that x and y are neither in the 
same group nor in the same row is contained in exactly h blocks. 
(3) No block contains two points from the same row. 
If the blocks of a MGD[K, h, m, v] can be partitioned into parallel 
classes then it is called a resolvable modified group divisible design and 
denoted by RMGD[K, h, m, v]. 
The following two theorems are most useful to us and may be found 
in [2]. 
THEOREM 2.1. There exists a RMGD[5, 1, 5, 5m] for  all m 4= 2, 3, 4, 6, 
with the possible exceptions o f  m ~ {10, 14, 18, 22, 26, 30, 34, 38, 42, 44}. 
THEOREM 2.2. I f  there exist (1) a RMGD[5, 1, 5, 5m], where m - O, 1, 
or 4 (rood 5) or m - 1 (rood 3), and (2) a (20 + h, 5, 1) exact covering with 
a hole o f  size h then there exists a (20m + 4u + h + s, 5, 1) exact covering 
with a hole o f  size 4u + h + s, O <_ u <_ m - 1, wheres=0i fm-0or  1 
(rood5), s = 4 i fm - 4 (roodS), and s = 4(m - 1)/3 i fm - 1 (mod3). 
We may generalize the above theorem as follows. 
THEOREM 2.3. I f  there exist (1) a RMGD[5, 1, 5, 5m], (2) a (20 + h, 5, 1) 
exact covering with a hole o f  size h, and (3) a GD[5, 1, {4, s*}, 4m + s], 
where * means there is exactly one group o f  size s, then there exists a 
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(20m + 4u + h + s, 5, 1) exact covering with a hole o f  size 4u + h + s, 
where O < u < m - 1. 
Proof. Take a RMGD[5, l, 5, 5m] and inflate this design by a factor of 
4. There are precisely rn -  1 parallel classes of quintuples and 
one parallel class of block size m. Take u, 0 < u _< m-  1, parallel 
classes of quintuples, to each one add four new points, and construct a 
GD[5, 1, 4, 24]. On the remaining parallel classes of quintuples construct 
a GD[5,1,4,20]. These two designs exist by Hanani [16], since a 
GD[5, 1, 4, 4m] is equivalent to a B[4m + 1, 5, 1]. Now on the parallel class 
of block size m (after inflating by 4) add s points as a new group and 
construct a GD[5, 1, {4, s*}, 4m + s]. Finally, add h points to the groups 
and construct on each group a (20 + h, 5, 1) exact covering with a hole of 
size h. It is clear that this construction yields a (20m + 4u + s + h, 5, 1) 
exact covering with a hole of size 4u + h + s. 
In a similar way we can prove the following. 
THEOREM 2.4. I f  there exist a RMGD[5,  1 ,5 ,5m]  and a 
GD[5, 1, {4, 8"}, 4m + 4] then there exists a (20m + 4u + 5, 5, 1) exact cov- 
ering with a hole o f  size 4u + 5, where 0 < u < m - 1. 
Proof. As before take a RMGD[5, 1, 5, 5m] and inflate this design by a 
factor of 4. On u, 0 _< u < m - 1, parallel classes of quintuples, after 
adding four points to each parallel class, construct a GD[5, 1, 4, 24]. On the 
remaining parallel classes of quintuples construct a GD[5, 1, 4, 20]. To the 
parallel class of block size rn, after inflating by 4, add four new points 
{a, b, c, d} to the last group and construct a GD[5, 1,{4,8"},4m + 4]. 
Finally, add a new point {~} to all the groups and on the first m - 1 
groups construct a B[21, 5, 1] and on the last group construct a B[25, 5, 1] 
such that {a, b, c, d, ~} is in one block which we delete. It is clear that this 
construction yields a (20m + 4u + 5, 5, 1) exact covering with a hole of 
s ize4u +5,  where0_<u <m-  1. 
THEOREM 2.5. I f  there exists (1) a RMGD[5, 1,5,5m], (2) a 
GD[5, A, {4, s*}, 4(m - 1) + s], and (3) a (20 + h, 5, A) covering (pack ing)  
with a hole o f  size h then there exists a (24(m - 1) + s + h, 5, A) covering 
(pack ing)  with a hole o f  size 4(m - 1) + s + h. 
Proof. Take a RMGD[5, 1, 5, 5m]. There are (m - 1) parallel classes 
of quintuples and one parallel class of block size m. Delete the last group 
and all its points. Then we will have (m -1 )  parallel classes of mixed 
blocks of sizes 4 and 5; and one parallel class of block size (m - 1). Inflate 
this design by a factor of 4. To each parallel class of mixed blocks of sizes 
4 and 5 add four new points and replace the blocks by the blocks of a 
GD[5, A, 4, 20] and a GD[5, A, 4, 24], respectively. On the parallel class of 
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block size (m - 1) construct a GD[5, A, {4, s*}, 4(m - 1) + s] and, finally, 
on the groups construct a (20 + h, 5, A) covering (packing) with a hole of 
size h. 
To complete the proof of Theorem 2.5 we need to show that the 
number of blocks obtained in this construction is indeed equal to 
~b(24(rn - 1) + s + h,5, A) - ~b(4(m - 1) + s + h,5, A). 
A RMGD[5, 1, 5, 5m] has (m - 1) parallel classes of quintuples, where 
each parallel class consists of m blocks. According to our construction we 
delete the last group, and as a result each parallel class now has five 
quadruples and rn - 5 quintuples. Since we inflate the design by 4 and we 
add four points to each parallel class and replace the blocks, which are 
now of sizes 5 and 6, by the blocks of a GD[5, A, 4, 20] and a GD[5, A, 4, 24], 
each parallel class gives us a total of A(24m - 40) blocks. But since we 
have (m - 1) parallel classes the total number of blocks in this case is 
A(24m - 40)(m - 1). (I) 
We also replace the parallel class of block size m - 1 by the blocks of a 
GD[5, A, {4, S*}, 4(m - 1) + s]. Each such group divisible design provides 
A(4(m - 1) + s + 1) (4(m - 1) + s)  - As (s  + 1) 
20 - A(m - 1) blocks. 
But since we have five such group divisible designs the total number of 
blocks from this construction is 
(A (4(m-1)  +s+i ) (4 (m-1)20  +s) -As (s+l ) -A (m-1) ) .5  
5A 
- 20 (16m2 - 48m + 8ms - 8s  + 32) 
= 4Am 2 - 12Am + 2Ams - 2As + 8A. ( I I )  
We also have (m - 1) groups and on each group we construct a (20 + 
h,5, A) covering (packing) with a hole of size h. The total number of 
blocks is 
(20 + h)(A(20 + h - 1) + c) - h(A(h - 1) + c) t .  
(m 1) ) 2O 
m-1  
- 20 (a (20+h)  2 -a (20+h)  +c(20+h) -ah  2+ah-ch)  
= (m - 1)(201 + 2Ah - a + c), ( I I I )  
where c is an integer. 
582a/68/1-11 
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On the other hand a (24(m - 1) + s + h, 5, A) covering (packing) de- 
sign with a hole of size 4(rn - 1) + s + h has 
(24(m-  1) +s+h) (A(24(m-  1) +s+h-  1) +c)  
2O 
(4 (m-  1) +s+h) (A(4(m-  1) +h+s-  1) +c)  
20 
(24(m - 1) + (s + h)) (Z4A(m - 1) + A(s + h) - A + c) 
20 
(4 (m - 1) + (s + h) ) (aA(m - 1) + A(s  + h) - A + c) 
2O 
(m - 1) 
- 20 (560A(m - 1) + 40A(s + h) - 20A + 20c) 
= (m - 1)(28A(m - 1) + 2A(s + h) - A + c),  ( IV) 
where c is an integer which is the same as the one in (II I) since 
24(m - 1) + s + h and h are the same congruency (rood 4). Now it is easy 
to show that the blocks in (I), (II), and (II I) are equal to the number of 
blocks in (IV). 
In a similar way we can prove the following 
THEOREM 2.6. I f  there exists (1) a RMGD[5, 1,5,5m],  (2) a 
GD[5, 1, {4, s*}, 4rn + s], and a GD[5, 1, {4, s*}, 4(m - t) + s], where 0 < t 
< m,  then there exists a (24m - 4t + s + 1, 5, 1) exact covering with a hole 
o f  size 4m + s + 1. 
Proof. As before take a RMGD[5, 1, 5, 5m] and delete t points from 
one row. This will give us (m - 1) parallel classes of mixed blocks of sizes 
4 and 5 and one parallel class that consists of four blocks of size m and 
one block of size (m - t). Inflate this design by a factor of 4. To each 
parallel class of mixed blocks of sizes 4 and 5 add four new points and 
replace the blocks by the blocks of a GD[5, 1, 4, 20] and a GD[5, 1, 4, 24], 
respectively. Replace the blocks of the parallel class of blocks of sizes m 
and (m-  t) by the blocks of a GD[5,1,{4, s*},4m +s]  and a 
GD[5, 1, {4, s*}, 4(m - t) + s]. Finally, add five new points to the groups 
and on the first (m - t) groups construct a B[25, 5, 1] such that these five 
points are in one block; and on the last t groups construct a B[21,5, 1] 
such that these five points are in one block. Delete this block. The total 
number of points that we added is 4 (m-1)+s+5.  So the above 
construction gives us a (24m - 4t + s + 1, 5, 1) covering (packing) with a 
hole of size 4m + s + 1. 
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Using ideas of both Theorem 2.4 and Theorem 2.5 we can prove the 
following 
THEOREM 2.7. I f  there exist a RMGD[5,  1 ,5 ,5m]  and a 
GD[5, 1, {4, 8*}, 4m] then there exists a (24m - 19, 5, 1) exact covering with 
a hole of size 4m + 1. 
Proof. Take a RMGD[5, 1, 5, 5m]. There are (m - 1) parallel classes 
of quintuples and one parallel class of block size m. Delete the last group 
and all its points; then we have (m - 1) parallel classes of mixed blocks of 
sizes 4 and 5 and one parallel class of block size (m - 1). Inflate this 
design by a factor of 4. To each parallel class of mixed blocks of sizes 4 
and 5 add four points and replace the blocks of the parallel class by the 
blocks of GD[5, 1, 4, 20] and GD[5, 1, 4, 24], respectively. To the parallel 
class of block size (m - 1), after inflating by 4, add four points to the last 
group and construct a GD[5, 1, {4, 8*}, 4m]. Finally, add a new point to all 
the groups and on the first (m - 2) groups construct a B[21, 5, 1] and on 
the last group construct a B[25, 5, 1] such that the four points we added to 
the GD[5, 1,{4, 8*}, 4m] and the point we added to the groups are a block. 
Delete this block. 
It is clear that this construction yields a (24m - 19, 5, 1) exact covering 
with a hole of size 4m + 1. 
Frame Constructions 
A further configuration used in this paper is frame resolvable group 
divisible design. A group divisible design (V,/3, y) is said to be frame 
resolvable if there exists a partition /7 = {P1, P2, . . - ,  Pr} of /3 such that 
each P/ is itself a partition of X \ G~ for some Gj ~ y. The parts Pi are 
called frame parallel classes and the partition /7 is called a frame 
resolution. A frame resolvable group divisible design is denoted by 
FRGD[K, A, m, v]. 
LEMMA 2.1. There exists a FRGD[{5, m}, 1, {4,(m - 1)*},5m - 1] for 
all m ~ 2, 3, 4, 6, with the possible exception of m ~ {10, 14, 18, 22, 26, 30, 
34, 38, 42, 44], where * means there is exactly one group of size (m - 1). 
Furthermore there is exactly one frame parallel class of block size m and the 
remaining m frame parallel classes are of block size 5. 
Proof. Take a RMGD[5, 1, 5, 5m]. We may look at it as a resolvable 
PB(5m, {5, m}, 1) with one parallel class of block size m and m parallel 
classes of block size 5. Delete one point from all blocks containing this 
point and consider the truncated blocks as the groups of a 
FRGD[{5, m}, 1, {4, (m - 1)*}, 5m - 1]. It is clear that all groups are of 
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size 4 except one group of size m - 1, and there are exactly m frame 
parallel classes of block size 5 and one frame parallel class of block size m. 
Using the above lemma we can prove the following. 
THEOREM 2.8. I f  there exist (1) a RMGD[5,  1, 5, 5m], where m - O, 1, 
or 4 (mod 5) or m - 1 (mod 3) then there exists a (20m + s + 1, 5, 1) exact 
covering with a hole of  size 4m + s + 1, where s = 0 if  rn - 0 or 1 (mod 4); 
s = 4 if  m -= 4 (mod5)  and s = 4(m - 1)/3 i f  m-  l (mod3) .  
Proof Take a FRGD[{5, m}, 1, {4, (m - 1)*}, 5m - 1], which is equiva- 
lent to a RMGD[5,  1, 5, 5m], and inflate this design by a factor of 4. On 
the f rame parallel classes of block size 5 construct a GD[5, 1, 4, 20]. To the 
groups of size 16 add five points %, i = 1 . . . . .  5, and construct a B[21, 5, 1] 
in such a way that (% . . . .  , %)  is a block; delete this block from all the 
B[21, 5, 1]. On the frame parallel class of block size m we distinguish the 
following cases. 
(1) m -= 0 or 1 (mod 5). Then construct a GD[5, 1, 4, 4m]. In this case 
the last group of the FRGD[{5, m}, 1, {4, (m - 1)*}, 5m - 1] with the five 
points %, i = 1 , . . . ,5 ,  is a hole of size 4m + 1 of a (20m + 1, 5,1) exact 
covering design. 
(2) m - 4 (mod5).  Then add four new points to the frame parallel 
class and construct a GD[5, 1, 4, 4(m + 1)]. Then these four points and the 
last group with the five points %, i = 1 . . . .  ,5, are the hole of a (20m + 
5, 5, 1) exact covering. 
(3) m -- 1 (mod 3). In this case construct on the frame parallel class a 
RGD[4,  1, 4, 4m] and to each parallel class add a new point. Since there 
are s = 4((m - 1) /3)  parallel classes of quadruples, it is clear that in this 
case we have a (20m + s + 1, 5, 1) exact covering with a hole of size 
4m + s + 1, where s = 4((m - 1)/3). 
We may general ize the above theorem and rewrite it as follows. 
THEOREM 2.9. I f  there exist a RMGD[5 ,  1 ,5 ,5m]  and a 
GD[5, 1, {4, s*}, 4m + s] then there exists a (20m + s + 1, 5, 1) exact cover- 
ing with a hole of  size 4m + s + 1. 
THEOREM 2.10. I f  there exist (1) a RMGD[5,  1 ,5 ,5m] ,  (2) a 
GD[5, 1, {4, s*}, 4m + s], and (3) a (4(m - 1) + s + 1, 5, 1) exact covering 
with a hole of  size s + 1 then there exists a (24m +s-3 ,  5,1) exact 
covering with a hole of  size 4m + s + 1. 
Proof Take a FRGD[{5, m}, 1, {4, (m - 1)*}, 5m - 1], which is equiva- 
lent to a RMGD[5,  1, 5, 5rn], and inflate this design by a factor of 4. To 
each frame parallel class of quintuples add four new points and replace 
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each block by the blocks of a GD[5, 1, 4, 24]. When adding four points to a 
frame parallel class add these four points with a fixed point ~ to the group 
the points of which are not contained in the frame parallel class and 
construct a B[21, 5, 1] such that these five points are in one block; delete 
this block. To the frame parallel class of block size m add s points and 
construct a GD[5, 1, {4, s*}, 4m + s]. Finally, take these s points with the 
point ~ and on the last group of the FRGD construct a (4(m - 1) + s + 
1, 5,1) exact covering with a hole of size s + 1. It is clear that this 
construction yields a (24m + s - 3, 5, 1) exact covering with a hole of size 
4m+s+l .  
If from a RMGD[5, 1, 5, 5m] we delete t points from the same row, and 
from all blocks containing them, and if we consider the truncated blocks 
through a fixed point to be groups then we have the following 
LEMMA 2.2. There exists a FRGD[{4, 5, m}, 1, {4, (m - t)*}, 5m - t] for 
all m 4= 2, 3, 4, 6, with the possible exception of  m 
{10, 14, 18, 22, 26, 30, 34, 38, 42, 44}. Furthermore there are exactly one frame 
parallel class of block size m and m frame parallel classes of mixed blocks of 
sizes 4 and 5. 
COROLLARY 1. I f  from a RMGD[5, 1, 5, 5m] we delete one row then the 
resultant design is a FRGD[{4, m}, 1, 4, 4m]. 
THEOREM 2.11. I f  there exist (1) a FRGD[{4, 5, m}, 1, {4, (m - t)*}, 
5m - t] such that there is exactly one frame parallel class of block size m 
and m frame parallel classes of mixed blocks of sizes 4 and 5, (2) a 
GD[5, 1, {4, h*}, 4m + h], and (3) a (4(m - t) + h + 1, 5, 1) exact coc, ering 
with a hole of size h + 1 then there exists a (24m - 4t + h + 1, 5, 1) exact 
couering with a hole of size 4m + h + 1. 
Proof. Take a FRGD[{4, 5, m}, 1, {4, (m - t)*}, 5m - t] and inflate this 
design by a factor of 4. On the frame parallel class of block size m 
construct a GD[5, 1,{4, h*},4m + h]. To each frame parallel class of 
mixed blocks of sizes 4 and 5 add four new points and replace the blocks 
of sizes 4 and 5 by the blocks of a GD[5, 1, 4, 20] and a GD[5, 1, 4, 24], 
respectively. When adding four points to a frame parallel class of mixed 
blocks of sizes 4 and 5 we must add these four points with an additional 
point oo to the group G s the points of which are not contained in the frame 
parallel class and construct a B[21, 5, 1] in such a way that the four points 
and oo are a block; delete this block. Now take the point oo with the h 
points and construct on the last group of the FRGD a (4(m - t) + h + 
1, 5, 1) exact covering with a hole of size h + 1. Since we added a total of 
4m + h + 1 points it is clear that the resultant design is a (24m - 4t + h 
+ 1, 5, 1) exact covering with a hole of size 4m + h + 1. 
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In the following lemma we construct an exact covering with holes that is 
used later. 
LEMMA 2.3. There exists an (v, 5, 1) exact covering with a hole of size h, 
where (v, h) = (441, 81), (557, 29). 
Proof. For a (441, 5, 1) exact covering with a hole of size 81 apply 
Theorem 2.11 with m = 19, t = 5, and h = 4. 
For a (557,5,1) exact covering with a hole of size 29 take a 
RMGD[6, 1,6, 138] and delete the last group. Inflate this design by a 
factor of 4; that is, on the blocks of sizes 5 and 6 construct a GD[5, 1, 4, 20] 
and a GD[5, 1, 4, 24], respectively. On the parallel class of block size 22 
construct a RGD[4, 1, 4, 88]. There are precisely 28 parallel classes. To 
each parallel class add a point. Finally, add a point to the groups and 
construct on each group a B[25, 5, 1]. It is clear now that the resultant 
design is a (557, 5, 1) exact covering with a hole of size 29. Finally, we 
mention that a RMGD[6, 1, 6, 138] can be constructed in the same way in 
which we proved Lemma 2.1 of [2]. 
COROLLARY 2. There exist a GD[5, 1, {4, 80*}, 440], and a 
GD[5, 1, {4, 28"}, 556]. 
Proof. By the previous lemma there exists a (441, 5, 1) exact covering 
with a hole of size 81. Consider the hole as a block of size 81 that gives us 
a PB(441, {5, 81"}, 1). Now delete one point from this design and consider 
the blocks through this point as the groups of a GD[5, 1, {4, 80"}, 440] and 
the remaining blocks are the blocks of a GD[5, 1, {4, 80"}, 440]; similarly 
for the other design. 
The following lemma is a generalization of a lemma originally done by 
Brouwer [10]. 
LEMMA 2.4. I f  there exist a T[5, 1, m] and an ( m + h, 5, 1) exact cover- 
ing with a hole of s&e h + 1, then there exists a (5rn + h, 5, 1) exact covering 
with a hole of size h + 5. 
Proof. To the groups Gi, i = 1 . . . . .  5, of a T[5, 1, rn] add h points and 
on each group construct an (m + h, 5, 1) exact covering with a hole of size 
h + 1, where the points of the hole in each case are the h points, and a 
point ~/~ G i. Assume that %, i = 1 , . . . ,5 ,  are a block; then delete this 
block and consider the h points with the five points %, i = 1 . . . . .  5, as the 
hole of the (5m + h, 5, 1) exact covering. 
COROLLARY 3. There exist a GD[5, 1, {4, 8*}, 88] and a 
GD[5, 1, (4, 8"}, 288]. 
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Proof Since a GD[5, 1, {4, 8*}, 88] is equivalent o an (89,5, 1) exact 
covering with a hole of size 9 we need only prove that an (89, 5, 1) exact 
covering with a hole of size 9 exists. For this purpose apply Lemma 2.4 
with m = 17 and h = 4. Similarly for a (289, 5, 1) exact covering with a 
hole of size 9 apply Lemma 2.4 with m = 57 and h = 4. 
COROLLARY 4. There exists a GD[5, 1, {4, 88"}, 436]. 
Proof. Again we prove, instead, that there exists a (437, 5, 1) exact 
covering with a hole of size 89. By the previous corollary there exists a 
GD[5, 1, {4, 8"}, 88] and since there exists a RB[28, 4, 1] [17], it follows that 
there exists a (37, 5, 1) exact covering with a hole of size 9. Now apply 
Theorem 2.10 with rn = 20, t = 13, and h = 8. This gives us a (437, 5, 1) 
exact covering with a hole of size 89. 
We now prove Theorem 1.3, which is restated below for the reader's 
convenience. 
T~EORE~ 1.3. C(v) = B(v) for all v ~ S, where S = {133, 233, 173, 
253, 333, 353, 433, 633, 753, 757, 2129, 2189, 2329, 2369, 2429, 2669, 2729, 
2849, 3029}. 
Proof. In Table I we prove that for all v ~ S there is an (v, 5, 1) exact 
covering with a hole of size n, and since C(n) = B(n) it follows that 
C(v) = B(v). C(v) in this case is exactly the blocks of an (n, 5, 1) covering 
design together with the blocks of an (v, 5, 1) exact covering with a hole of 
size n. Note that when we apply Theorem 2.3 we make use of Corollary 4 
and Lemma 2.3. For v = 133 take a RB[100, 4, 1] and add 33 points to the 
33 parallel classes. For v = 233 take a TD[6, 10] -  TD[6,2] [11], and 
delete the last column, which makes this design resolvable. Inflate the 
resultant design by a factor of 4. To 5 parallel classes add 4 new points to 
each one and replace their blocks by the blocks of GD[5, 1, 4, 24]. On the 
remaining quintuples construct a GD[5, 1, 4, 20]. On the groups construct a
TABLE I 
v n m u s h Thin. v n m u s h Thin. 
173 33 7 6 8 1 2.3 2189 389 90 76 80 5 2.3 
253 33 11 8 0 1 2.3 2329 389 97 65 128 1 2.3 
333 33 15 8 0 1 2.3 2369 389 99 96 4 1 2.3 
353 33 16 8 0 1 2.3 2429 389 102 95 8 1 2.3 
433 33 20 8 0 1 2.3 2669 389 114 96 4 1 2.3 
633 133 25 24 32 5 2.3 2729 389 117 95 8 1 2.3 
753 33 36 8 0 1 2.3 2849 469 119 116 4 1 2.3 
757 117 32 27 8 1 2.3 3029 389 132 90 28 1 2.3 
2129 389 87 75 88 1 2.3 
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RB[40, 4, 1]. There are 13 parallel classes so add 13 points a point to each 
parallel class. On the hole of the incomplete transversal design construct a
T[5, 1, 8]. The total number of points added is 33 and the resultant design 
is a (233, 5, 1) exact covering with a hole of size 33. Note that C(33) = B(33); 
see [4]. 
3. GRouP DIVISIBLE DESIGNS 
Group divisible designs with block sizes 3 and 4 are known to exist [12, 
16] for all ,~, v, tin satisfying the necessary conditions with the exception of 
GD[4, 1, 6, 24]. In the case K = 5 very little is known. But in her Master's 
thesis D. Avidan [7] proved the following. 
THEOREM 3.1. There exists a GD[5, 1, 5, 5r] for all r = 1 (rood 4) with 
the possible exception of r ~ S, where S = {33, 57, 93, 133, 177, 
213,413,437, 473, 489, 493,497}. 
In this section we prove that a GD[5, 1, 5, 5r] exists for more values of 
r ~ S. Specifically we prove the following. 
THEOREM 1.4. There exists a GD[5, 1, 5, 5r] for all r ~ 1 (mod 4) with 
the possible exception of r = 33. 
The following obvious lemma is our key to proving the theorem. 
LEMMA 3.1. I f  there exists a PB(v, K, 1) and for every ~c ~ K there exists 
a GD[5, 1, 5, 5K] then there exists a GD[5, 1, 5, 5v]. 
We now prove Theorem 1.4 by proving that for all r = 
57, 93, 133, 213, 177, 413, 437, 473, 489, 493, 497 there exists a 
PB(r, {5, n*}, 1), n --- 1 (mod 4), where * means there is exactly one block 
of size n. Instead we prove that for all such r there is an (r, 5, 1) exact 
covering with a hole of size n and then if we add the hole as a block we 
get a PB(r, {5, n*}, 1). For r = 57, 93 see [20] for a (57, 5, 1) and a (93, 5, 1) 
TABLE II 
177 17 8 3 / / 2.4 
413 13 20 3 1 0 2.2 
437 17 21 4 1 0 2.2 
473 53 21 13 1 0 2.2 
489 69 21 17 1 0 2.2 
493 73 21 18 1 0 2.2 
497 17 24 3 1 4 2.2 
r n m u h s Thm. 
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exact covering with holes of sizes 9 and 13, respectively, and for a 
(213, 5, 1) and a (133, 5, 1) exact covering with a hole of size 13 see [15]. 
Fo'r all other values see Table II. 
4. PACKING DESIGNS 
Packing designs with block size 5, index 3, and v - 3 (mod4) were 
discussed in [3]. It was proved that o-(v,5, 3) = 0(v, 5,3) for all v = 3 
(rood 4) with the possible exceptions of v = 31,171,271. In [5] we dis- 
cussed packing designs with block size 5, index 2, and v odd, v ~ 13 
(rood 20), and we proved that o-(v, 5, 2) = 0(v, 5, 2) - 1 for all v -- 7 or 9 
(rood 10) with the possible exceptions of v = 19, 27, 137, 139, 147. In this 
section we prove 
THEOREM 1.5. (1) O-(271, 5, 3) = 0(271, 5, 3). 
(2) 0-(V, 5, 2) = O(V, 5, 2) -- 1 for v = 137, 139. 
The following lemma is most useful to us and may be found in [3, 5]. 
LEMMA 4.1. (1) There exists a (23, 5, 3) packing design with a hole of size 
3 and o-(11, 5, 3) = 0(11, 5, 3). 
(2) 0-(v, 5, 2) = 0(v, 5, 2) - 1 for v = 7, 9. 
We now prove Theorem 1.5 This proof is very similar to the proof of 
Theorem 2.3. 
For v = 271 and index 3 take a RGD[5, 1,5, 65] [9] and inflate this 
design by a factor of 4. Add four points to each of two parallel classes and 
replace their blocks by the blocks of a GD[5, 3, 4, 24]. On the remaining 
blocks construct a GD[5,3,4, 20]. Add three points to the groups and 
construct a (23, 5, 3) packing with a hole of size 3. The above construction 
yields a (271, 5, 3) packing with a hole of size 11. But since o-(11, 5, 3) = 
0(11, 5, 3) it follows that o-(271, 5, 3) = 0(271, 5, 3). 
For v = 137, and index 2, again take a RGD[5, 1, 5, 65] and inflate this 
design by a factor of 2. Add two points to each of three parallel classes 
and replace their blocks by the blocks of a GD[5, 2, 2, 12]. On the remain- 
ing blocks construct a GD[5, 2, 2, 10]. See [16, p. 284] for the existence of 
these two designs. Finally, add a point to the groups and on each group 
construct a B[11,5,2]. The above construction yields a (137,5,2) exact 
packing with a hole of size 7 and since 0-(7, 5, 2) = 0(7, 5, 2) - 1 it follows 
that o-(137, 5, 2) = 0(137, 5, 2) - 1. Similarly for v = 139. 
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5. PAIRWISE BALANCED DESIGNS 
In this section we give a theorem that is similar to Theorem 1.7. Note 
that by applying Theorems 2.3 and 2.4 one can prove Theorem 1.7 with 
the possible exceptions of v = 49, 57, 69, 77, 89, 93, 97, 117, 129, 133,137, 
157, 197, 209, 213,237, 289. But 89 and 289 were done in Corollary 3. We 
can do 209, 213, and 237 in the same way in which we did a (233, 5, 1) 
exact covering with a hole of size 33 (see the proof of Theorem 1.3); and 
for 197 applying Theorem 2.7 with rn = 9 gives us a PB(197, {5, 37*}, 1). 
But since there exists a PB(37, {5, 9*}, 1) it follows that there exists a 
PB(197, {5, 9*}, 1). So if we use their constructions for the other values we 
can give a shorter proof. 
THEOREM 1.6. (1) There exists a PB(v, {5, 21"}, 1) for all v - 1 (mod 20), 
v > 101, with the possible exceptions of v = 141,301,381,461. 
(2) There exists a PB(v, {5, 25*}, 1) for all v - 5 (mod 20), v > 105, 
with the possible exceptions of v = 305,385,465,545. 
Proof. (1) A direct application of Theorems 2.3 and 2.4 shows that a 
PB(v, {5, 21*}, 1) exists for all v > 121 with the possible exceptions of 
v = 141,221,301,381,461,541,621,701,781,861,901. 
For v = 101 take a T[5, 1, 20] and add a point to the groups. On the first 
four groups construct a B[21, 5, 1] and take this point with the last group as 
a block of size 21. For v = 221 the construction is the same as our 
construction of a (233, 5, 1) exact covering with a hole of size 33. 
For a PB(541, {5, 21"}, 1) take a T[6, 1, 11] and delete 2 points from the 
last group and from all blocks containing them. Inflate this design by a 
factor of 8. On the blocks of size 5 construct a T[5, 1, 8] and on the blocks 
of size 6 construct a [5, 1, 8, 48] [11]. On the groups of size 88 construct a
RB[88, 5, 1]. There are 29 parallel classes, so to each parallel class add a 
new point. Finally, take the 29 points with the group of size 72 as a block 
of size 101. This construction yields a PB(541, {5,101"}, 1) and since there 
exists a PB(101, {5, 21"}, 1) it follows that there exists a PB(541, {5, 21"}, 1). 
For a PB(621, {5, 21"}, 1) applying Theorem 2.3 with m = 25, u = 24, 
h = 1, and s = 24 gives a PB(621, {5, 121"}, 1). But a PB(121, {5, 21"}, 1) 
exists; hence a PB(621, {5, 21"}, 1) exists. Note that a GD[5, 1, {4, 24*}, 124] 
is equivalent to PB(125, {5, 25*}, 1), which is proved in the next part of the 
theorem. 
For v = 701,781,861,901 applying Theorems 2.3 and 2.4 with the 
appropriate m, u, h, and s gives a PB(v, {5,121*}, l) and hence a 
PB(v, {5, 21"}, 1) for such v. 
(2) For a PB(v, {5, 25*}, 1) apply Theorems 2.3 and 2.4 and the result 
follows for all v > 125 with the possible exceptions of v = 
145, 225,305,385,465,545,625,705,785,865,905. 
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For  v = 105 take a T[5, 1, 20] and add five points to the groups. On the 
first four groups construct a B[25, 5, 1] such the five points we add are a 
block. De lete  this block and take these five points with the last group as a 
block of size 25. For  v = 145 see Remark  2, below, v = 225 is done in the 
same way in which we did a PB(221, {5, 21"}, 1). 
For  v = 625 applying Theorem 2.3 with m = 25, u = 24, s = 24, and 
h = 5 gives a PB(625, {5,125"}, 1). But a PB(125, {5, 25*}, 1) exists; hence a 
PB(625, {5, 25*}, 1) exists. 
For  v = 705 applying Theorem 2.3 with m = 28, u = 27, s = 36, and 
h = 1 gives a PB(705, {5,145"}, 1) and hence a PB(705, {5, 25*}, 1). 
For  v = 785, 865, 905 applying Theorems 2.3 and 2.4 gives a 
PB(v, {5,125"}, 1) and hence a PB(v, {5, 25"},1). 
Remark 1. A (147, 5, 2) packing design with a hole of size 27 can be 
constructed by applying Theorem 2.5 with m = 7, h = 3, and ,~ = 2 so 
that if o-(27, 5, 2) = 0(27, 5, 2) then o-(147, 5, 2) = 0(147, 5, 2). 
Remark 2. We ment ion that one can prove the existence of B[v, K, A] 
for K = 3, 4, 5 and every v and ,~, satisfying the necessary condit ions, 
(v, A) ~ (15, 2), by simply applying Theorems 2.3 and 2.4. In this case the 
proof  will be much shorter,  with fewer values to construct, than the proof  
given by Hanani  [16]. For  example, for K = 5 and A = 1 the only cases not 
covered  by Theorems 2.3 and 2.4 are v = 21, 25, 41, 45, 61, 
65, 81, 85, 141,145. v = 145 follows from Theorem 2.5 with m = 7, h = 1, 
and A = 1. v = 81 can be constructed by taking a T[5, 1, 16] and adding 
five points to the groups. A B[85, 5, 1] can be constructed by inflating a 
B[21, 5, 1] by a factor of 4 and adding a new point ~ and taking all the 
blocks (Xl, x2, x3, x4, ~),  where x is a point  of B[21, 5, 1]. 
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